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Introduction Large Nc ChPT Lattice QCD Conclusions

QCD at low energies

QCD has a very simple Lagrangian

LQCD = − 1

4g2
Tr[FµνF

µν ] +
∑
f

qf (iγµD
µ −mf )qf

Asymptotic freedom Perturbative methods fail at low energies

ä Large Nc limit

ä Chiral perturbation theory

ä Lattice QCD

ππ scattering as
a function of Nc
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Introduction Large Nc ChPT Lattice QCD Conclusions

Meson-meson scattering

Nf = 4
(mu = md = ms = mc)

Degenerate ((((mesons pions
Mπ = MK = MD = Mη

7 scattering channels

15 ⊗ 15 = 84 (SS) ⊕ 45 ⊕ 45 ⊕ 20 (AA) ⊕ 15 ⊕ 15 ⊕ 1

π+π+ D+
s π

+ − D+K+

CSS = 2(D − C )

CAA = 2(D + C )

D C
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Introduction Large Nc ChPT Lattice QCD Conclusions

Large Nc limit

Large Nc (Nc →∞, Nf = const) keeps non-perturbative features of QCD

We can characterize the Nc and Nf scaling of diagrams at large Nc

Color loops ∼ Nc

Vertex ∼ g ∼ N
−1/2
c

Internal quark loops ∼ Nf

Single pion:

Cπ = + + ...
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Introduction Large Nc ChPT Lattice QCD Conclusions

Scattering at large Nc

Two pions:

D = C 2
π + + ... = C 2

π + d +O(N−1
c )

C = + + ... = eNc + f Nf +O(N−1
c )

Scattering amplitude in the SS and AA channels:

MSS,AA = ∓ 1

Nc

(
ã + b̃

Nf

Nc
± c̃

1

Nc

)
+O(N−3

c )
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Chiral Perturbation Theory (ChPT)

ChPT describes QCD in terms of pseudo-Goldstone bosons (pions)

φ =


π

0 +
η0√

3
+
ηc√

6

√
2π+

√
2K+

√
2D0

√
2π− −π0 +

η0√
3

+
ηc√

6

√
2K 0

√
2D+

√
2K−

√
2K̄ 0 −

2η0√
3

+
ηc√

6

√
2D+

s

√
2D̄0

√
2D−

√
2D−s −

3ηc√
6

 (Nf = 4)

Most general lagrangian with QCD symmetries

L2 =
F 2

4
Tr[∂µU∂

µU†] +
F 2B0

2
Tr[χU† + χ†U] (2 LECs)

L4 =
12∑
i=0

LiOi Li ∼ O(Nc) or O(1) (13 LECs)

U = eiφ/F

F 2 ∼ O(Nc)

B0,Mπ ∼ O(1)
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ChPT at large Nc

The η′ needs to be included

M2
η′ = M2

π +
2Nfχtop

F 2
π

F 2
π∼O(Nc)−−−−−−→
large Nc

M2
π + ... [Witten-Veneciano]

Large Nc or U(Nf) ChPT [Kaiser, Leutwyler 2000]:

Include η′ in pion matrix

φ|U(Nf)
= φ|SU(Nf)

+ η′1

Leutwyler counting scheme

O(mq) ∼ O(M2
π) ∼ O(k2) ∼ O(N−1

c )
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ππ scattering in ChPT

ππ scattering at LO in ChPT [Weinberg 1979]

Mπa
SS
0 = − M2

π

16πF 2
π

∝ − 1

Nc
Mπa

AA
0 = +

M2
π

16πF 2
π

∝ +
1

Nc

ππ scattering at NNLO in large Nc ChPT [JBB et al. 2022]

Mπa
SS,AA
0 = ∓ M2

π

16πF 2
π

+ fSS,AA(Mπ,Fπ, LSS,AA,KSS,AA)

Large Nc
LSS = NcL

(0) + NfL
(1)
c − L

(1)
a +O(N−1

c )

LAA = NcL
(0) + NfL

(1)
c︸ ︷︷ ︸

Same sign

+ L(1)
a︸ ︷︷ ︸

Opposite
sign

+O(N−1
c )
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QCD in the lattice

Lattice QCD is a first-principles approach to the strong interaction

〈O[φ]〉 =
1

Z

∫
Dφ eiS[φ]O[φ]

φ ≡ quark, gluons

S [φ] ≡ QCD action

O[φ] ≡ observable

Finite, discretized
spacetime

+

Monte-Carlo
methods

a

L

Allows to simulate QCD for varying Nc, Mπ, ...
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Introduction Large Nc ChPT Lattice QCD Conclusions

Meson-meson scattering in the lattice

Particle scattering cannot be directly studied in the lattice

Scattering

Real-time process

Infinite volume

Asymptotic states

Lattice QCD

Euclidean time

Finite volume

Stationary states

E2(L)

E1(L)

E0(L)

Finite-volume spectrum

M2

Infinite-volume
scattering amplitudes

Quantization
condition (QC)
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Meson-meson scattering in the lattice

Particle scattering can be indirectly studied in the lattice

E2(L)

E1(L)

E0(L)

Finite-volume spectrum

M2

Infinite-volume
scattering amplitudes

Quantization
condition (QC)

Two particles in s-wave:

k cot δ0 =
2

γLπ1/2
ZP

00

(
kL

2π

)
Low

energies
E0 − 2m = − 4πa0

MπL3
+ ...
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Fit to large Nc ChPT

Chiral and Nc fit of both channels to U(4) ChPT [JBB et al. 2022],

40

50

60

70

(∆
E
S
S
/M

π
)(
M

π
L

)3 ξ
−

1

Nc = 3 Nc = 4 Nc = 5 Nc = 6

3C
10

3A
10

3B
10

3A
11

3C
20

3A
20

3A
30

3A
40

3B
20

4A
10

4A
20

4A
30

4A
40

5A
10

5A
20

5A
30

5A
40

6A
10

6A
20

6A
30

6A
40

Ensemble

−50

−40

(∆
E
A
A
/M

π
)(
M

π
L

)3 ξ
−

1

SS channel

AA channel

Decreasing ξ = M2
π/(4πFπ)2

LSS,AA

Nc
× 103 = −0.02(8)− 0.01(5)

Nf

Nc
∓ 1.76(20)

1

Nc
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Introduction Large Nc ChPT Lattice QCD Conclusions

Summary and outlook

We can study the non-perturbative regime of QCD
combining the large Nc limit, ChPT and lattice QCD

ä We are studying the large Nc scaling of scattering observables

ä We have found large subleading Nc effects

Ongoing work: possible tetraquark resonance in AA channel

Thank you for your attention!
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