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Scattering Amplitudes: Theory and Applications


 Gravitational Waves

Zvi Bern

June 19, 2024


Erice School 60th Course: 

News from the four interactions
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Outline

1. Spinor Helicity

2. Color Ordering 

3. MHV Amplitude

4. On-shell (BCFW) Recursion

5. Generalized Unitarity

6. Color kinematics duality and double copy

7. Brief discussion of UV properties of supergravity 

8. Applications to precision gravitational waves.

Explain some basic modern ideas for 
scattering and show two application.
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Reading List: Review Articles
• L. Dixon 1996 TASI lectures hep-ph/9601359 (trees basic ideas)

• Z. Bern, L. Dixon and D. Kosower, hep-ph/9602280  (early 

review on loops)

• Z. Bern, gr-qc/0206071  (early applications to gravity)

• F. Cachazo and P. Svrcek, hep-th/0504194 (twistors)

• Z. Bern, L. Dixon, D. Kosower, arXiv:0704.2798  (tools 

    for QCD).

• Z. Bern, J.J. Carrasco, M. Chiodaroli,  H. Johansson,     

    R. Roiban, arXiv: 1909.01358 (gravity and double copy).

• G. Travaglini et al, arXiv:2203.1301 (The SAGEX review on 

scattering amplitudes),
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Some Terminology
Scattering Amplitude:   Quantum field theory description of particle interactions.


QCD:  Quantum Chromodynamics.  Nonabelian generalization of QED.  Theory of gluon 
and quarks, which are constituents of protons and neutrons.


Supersymmetry: a symmetry relating bosons (forces) to fermions (matter).  Central to 

many topics in phenomenolgy and theory.


N = 4 super-Yang-Mills: Maximally supersymmetric version of QCD. Links to AdS/CFT.


String Theory:  Unified theory of gravity and other force  Usually relies on supersymmetry.


Effective field theory:  Very basic tool in quantum field theory, taking advantage of 
separation of scales.


Unitarity:  Quantum evolution must preserve probabilities.


Double copy:  The idea that gravitons can be precisely described by two gluons.
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Scattering Amplitudes in QFT

Over time the field has blossomed in many directions.  

Gravitational

Waves

Vast subject: Here I’m going to pick a few topics.

Amplituhedron,
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The search for new structures.

A virtuous circle.  

Three examples of structure that we will discuss:

1. Parke-Taylor

2. Curves in Twistor space and MHV rules

3.   Double copy

New StructuresNew Calculations

New Tools

• Key priority for new calculations is to uncover new and useful structures. 

• Simultaneously push state of the art for physical quantities of interest.

Many other structures, such as amplituhedron
Arkani-Hamed, Trnka
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Quantum Field Theory and Scattering Amplitudes

Scattering amplitudes give us quantum mechanical description of 
events at particle colliders.

ATLAS DetectorLarge Hadron Collider

Higgs boson event

quark

gluon

 Tree Feynman diagram

Scattering amplitudes provide a foundation for understanding of such events.

particle scattering

loop diagram

higher order
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Gauge Theory Feynman Rules

Also fermions and ghosts

Color and kinematics mixed together
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Tree-level example: Five gluons

Consider the five-gluon amplitude

If you evaluate this you find…
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Result of evaluation (actually only a small 
part of it):
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Example of loop difficulty

Evaluate this integral via Passarino-Veltman 

reduction.  Result is …

Consider a tensor integral:

Note: this is trivial on modern computer.  Non-trivial for

           larger numbers of external particles.
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Result of performing the integration

Calculations explode for larger numbers of particles

or loops.  Clearly, there should be a better way!
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Spinors expose simplicity
Spinor helicity for massless polarization vectors:

Xu, Zhang and Chang

Berends, Kleis and Causmaeker

Gastmans and Wu

Gunion and Kunszt

& many others

More sophisticated version of circular polarization:

All required properties of circular polarization satisfied:

Changes in reference momentum q equivalent to on-shell gauge 

transformations.  No physical effects.

Graviton polarization tensors are squares of these:

Reference momentum

Chinese magic
particle momentum
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Reconsider Five Gluon Tree

With a little Chinese magic:

These are color stripped amplitudes:

Motivated by the Chan-Paton color organization of open

string amplitudes. Mangano and Parke
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At tree level Parke and Taylor conjectured a 

very simple form for n-gluon scattering.

 This simplicity has echoes for

general helicities and at loop level.

ZB, Dixon, Dunbar, Kosower

Cachazo, Svrcek, Witten; ZB,Dixon, Kosower

Brandhuber, Spence and Travaglini

+ +

+
+

Proven by Berends and Giele

Parke and Taylor (1984)

Mangano Parke, Xu

This was guessed by calculating low points and then finding a 
formula with correct kinematic poles in all channels.

MHV Amplitude
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SU(Nc) Color Decomposition

1

32

4

Color factor
<latexit sha1_base64="MYclvcyinV78KToQy9E5NAkKt8k=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUnE10YounFZoS9I03IzmbZDZ5IwMxFK6NKNv+LGhSJu/QR3/o3Tx0JbD1w4nHMv994TJJwp7TjfVm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A1CUs4jWNNOcNhNJQQScNoLB7dhvPFCpWBxV9TChvoBexLqMgDZSxz7MWlLgqhx51Tbgajvw8TVuhZRraGcQjDp20Sk5E+BF4s5IEc1Q6dhfrTAmqaCRJhyU8lwn0X4GUjPC6ajQShVNgAygRz1DIxBU+dnkkRE+NkqIu7E0FWk8UX9PZCCUGorAdArQfTXvjcX/PC/V3Ss/Y1GSahqR6aJuyrGO8TgVHDJJieZDQ4BIZm7FpA8SiDbZFUwI7vzLi6R+WnIvSuf3Z8XyzSyOPDpAR+gEuegSldEdqqAaIugRPaNX9GY9WS/Wu/Uxbc1Zs5l99AfW5w9yqZj/</latexit>

Tr[T aT b] = �ab
<latexit sha1_base64="zGorFjqKgfJ28nKAwCz4PEhpCXg=">AAACBnicbVBJSwMxFH5Tt1q3UY8iBEvBU5mp67HoxWMFu0A7Dpk004ZmMkOSEcrQkxf/ihcPinj1N3jz35guB219EPiWPN57X5BwprTjfFu5peWV1bX8emFjc2t7x97da6g4lYTWScxj2QqwopwJWtdMc9pKJMVRwGkzGFyP/eYDlYrF4k4PE+pFuCdYyAjWRvLtQxTeZ9h3EfYrKBihKa0YemKobxedsjMptAjcGSjCrGq+/dXpxiSNqNCEY6XarpNoL8NSM8LpqNBJFU0wGeAebRsocESVl03OGKGSUboojKV5QqOJ+rsjw5FSw8hsWYqw7qt5byz+57VTHV56GRNJqqkg00FhypGO0TgT1GWSEs2HBmAimdkVkT6WmGiTXMGE4M6fvAgalbJ7Xj67PS1Wr2Zx5OEAjuAYXLiAKtxADepA4BGe4RXerCfrxXq3PqZfc9asZx/+lPX5A6+dlrs=</latexit>

fa1a2bfa2a3b
<latexit sha1_base64="L9HNUMXOTvSPpSaSK6pLNqVUdy0=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIr41QdOOyQl+QpuVmOmmHTiZhZiKUUHDjr7hxoYhbf8Kdf+P0sdDWAxcO59zLvfcECWdKO863tbC4tLyymlvLr29sbm3bO7s1FaeS0CqJeSwbASjKmaBVzTSnjURSiAJO60H/duTXH6hULBYVPUioH0FXsJAR0EZq2/tepQUnuNIKfHyNGQ5bGQRkaATStgtO0RkDzxN3SgpoinLb/mp2YpJGVGjCQSnPdRLtZyA1I5wO881U0QRIH7rUM1RARJWfjX8Y4iOjdHAYS1NC47H6eyKDSKlBFJjOCHRPzXoj8T/PS3V45WdMJKmmgkwWhSnHOsajQHCHSUo0HxgCRDJzKyY9kEC0iS1vQnBnX54ntdOie1E8vz8rlG6mceTQATpEx8hFl6iE7lAZVRFBj+gZvaI368l6sd6tj0nrgjWd2UN/YH3+ADqvlgE=</latexit>

[T a, T b] = ifabcT c

= _

<latexit sha1_base64="8GwNQqhdAmhamr9DNX6LRGBARhc="></latexit>

(T a)j1i1 (T
a)j2i2 = �j2i1 �

⌘1
i2
� 1

Nc
�j1i1 �

j2
i2

=
<latexit sha1_base64="gjfSEhxP7lAep6EGV5gCcqeBd+M=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PQi8cI5gHJEmYns8mQ2dl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGtxO/+cS1EbF6wFHC/Yj2lQgFo2il1inpsF6MplsquxV3CrJIvJyUIUetW/rq9GKWRlwhk9SYtucm6GdUo2CSj4ud1PCEsiHt87alikbc+Nn03jE5tkqPhLG2pZBM1d8TGY2MGUWB7YwoDsy8NxH/89ophtd+JlSSIldstihMJcGYTJ4nPaE5QzmyhDIt7K2EDaimDG1ERRuCN//yImmcVbzLysX9ebl6k8dRgEM4ghPw4AqqcAc1qAMDCc/wCm/Oo/PivDsfs9YlJ585gD9wPn8Abx2PmA==</latexit>

+ · · ·

<latexit sha1_base64="F7NV5OLEfA9sAoc9ZpvUlk5TR20="></latexit>

fabc =
ip
2
[Tr(T aT bT c)� Tr(T aT cT b)]

Fierz identity:

<latexit sha1_base64="gjfSEhxP7lAep6EGV5gCcqeBd+M=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PQi8cI5gHJEmYns8mQ2dl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGtxO/+cS1EbF6wFHC/Yj2lQgFo2il1inpsF6MplsquxV3CrJIvJyUIUetW/rq9GKWRlwhk9SYtucm6GdUo2CSj4ud1PCEsiHt87alikbc+Nn03jE5tkqPhLG2pZBM1d8TGY2MGUWB7YwoDsy8NxH/89ophtd+JlSSIldstihMJcGYTJ4nPaE5QzmyhDIt7K2EDaimDG1ERRuCN//yImmcVbzLysX9ebl6k8dRgEM4ghPw4AqqcAc1qAMDCc/wCm/Oo/PivDsfs9YlJ585gD9wPn8Abx2PmA==</latexit>

+ · · ·
1

32

4 1

32

4

1

32

4
= =

<latexit sha1_base64="Pc/Izem9kC7qeBb2b5Th3zcmipo=">AAACHHicbVDLSgMxFM3UV62vqks3wSJUhDLT1sey6MZlhb6gM5ZMmrahmQfJHaEM8yFu/BU3LhRx40Lwb0zbWWjrhXAO59zLzT1uKLgC0/w2Miura+sb2c3c1vbO7l5+/6ClgkhS1qSBCGTHJYoJ7rMmcBCsE0pGPFewtju+mfrtByYVD/wGTELmeGTo8wGnBLTUy1diW3oYZIKLjfuY9KwEz7CcYiXFanKKz7BN+wGoXr5glsxZ4WVipaSA0qr38p92P6CRx3yggijVtcwQnJhI4FSwJGdHioWEjsmQdTX1iceUE8+OS/CJVvp4EEj9fMAz9fdETDylJp6rOz0CI7XoTcX/vG4Egysn5n4YAfPpfNEgEhgCPE0K97lkFMREE0Il13/FdEQkoaDzzOkQrMWTl0mrXLIuSud31ULtOo0ji47QMSoiC12iGrpFddREFD2iZ/SK3own48V4Nz7mrRkjnTlEf8r4+gH/J6AT</latexit>

tr(T a1T a2T a3T a4) + · · ·

Use this to 

reorganize color

a

b

c

=
<latexit sha1_base64="+lzacBLfK+vk+ekEJT2uJhhES0U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJYB6QLGF2MpsMmZldZ2YDYdnv8OJBEa9+jDf/xkmyB00saCiquunuCmLOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9up3xpTpVkkH80kpr7AA8lCRrCxkt8NFSapl6X3PZL1yhW36s6AlomXkwrkqPfKX91+RBJBpSEca93x3Nj4KVaGEU6zUjfRNMZkhAe0Y6nEgmo/nR2doROr9FEYKVvSoJn6eyLFQuuJCGynwGaoF72p+J/XSUx47adMxomhkswXhQlHJkLTBFCfKUoMn1iCiWL2VkSG2OZgbE4lG4K3+PIyaZ5VvcvqxcN5pXaTx1GEIziGU/DgCmpwB3VoAIEneIZXeHPGzovz7nzMWwtOPnMIf+B8/gDgCpIv</latexit>

1

Nc
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SU(Nc) Color Decomposition

Following above we can prove:
<latexit sha1_base64="t1rtlh2oV1RNw0YBNGZ6AENjf/Q="></latexit>

Atree
n =

X

noncyclic
perms

tr(T a1T a2 · · ·T an)Atree
n (1, 2, . . . , n)

full amplitude partial amplitude

Properties:

• Partial amplitudes are gauge invariant

• Only contributing Feynman diagram follow ordering of legs.

1

2
3

Planar diagrams

n



Britto, Cachazo, Feng and Witten

Badger, Glover, Khoze and Svrcek

Bedford, Brandhuber, Spence,Travaglini

Cachazo and Svrcek;  Benincasa,

Boucher-Veronneau and Cachazo
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Britto, Cachazo, Feng and Witten

An Ak+1

An-k+1

A general machinery for constructing tree-level scattering 
amplitudes is on-shell recursion.

Proof relies on so little.   Power comes from generality.

• Cauchy’s theorem

• Basic field theory factorization properties

• Applies as well to massive theories.

• Applies as well to gravity theories.

Building blocks are 

on-shell amplitudes

General replacement

for tree-level Feynman 

diagrams

Contrast with Feynman diagram which are based on 

off-shell unphysical states with Britto, Cachazo, Feng and Witten

On-shell Recursion
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On-shell Recursion
Consider amplitude under complex deformation of momenta.

complex momenta
<latexit sha1_base64="55g9Fj5UUAUpDBTBI2duC7IlWbI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktVr0IRS8eK9gPadeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6mfuuJKs0ieW/GMfUFHkgWMoKNlR7iHnusoCvk9oolt+zOgJaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjo7eIJOrNJHYaRsSYNm6u+JFAutxyKwnQKboV70puJ/Xicx4aWfMhknhkoyXxQmHJkITb9HfaYoMXxsCSaK2VsRGWKFibEZFWwI3uLLy6RZKXvn5erdWal2ncWRhyM4hlPw4AJqcAt1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcgt49T</latexit>

p2i = 0

Fierz Identity:

The shifted momentum are on shell!

<latexit sha1_base64="Y7tMGkl/WmRyW7K2GST5WMQ2s10="></latexit>

ha�|�µ|b�ihc�|�µ|d�i = 2haci[db]
<latexit sha1_base64="pNSDlXkd0n/g9vnlD0fVpPg3qLk=">AAACFXicbVDLSgMxFM3UV62vqks3wSK40DJTfG2EohuXFewDOm25k2ba0CQzJBmh1P6EG3/FjQtF3Aru/BvTx0JbD1w4Oedecu8JYs60cd1vJ7WwuLS8kl7NrK1vbG5lt3cqOkoUoWUS8UjVAtCUM0nLhhlOa7GiIAJOq0HveuRX76nSLJJ3ph/ThoCOZCEjYKzUyh75HGSHUwzNY/yA/Q4IAU1fJPYRWMlXY7tZwJfYbWVzbt4dA88Tb0pyaIpSK/vltyOSCCoN4aB13XNj0xiAMoxwOsz4iaYxkB50aN1SCYLqxmB81RAfWKWNw0jZkgaP1d8TAxBa90VgOwWYrp71RuJ/Xj0x4UVjwGScGCrJ5KMw4dhEeBQRbjNFieF9S4AoZnfFpAsKiLFBZmwI3uzJ86RSyHtn+dPbk1zxahpHGu2hfXSIPHSOiugGlVAZEfSIntErenOenBfn3fmYtKac6cwu+gPn8wcNQZza</latexit>

ha�|�µ|b�i2 = 0

or

<latexit sha1_base64="8e1egKXn8lqrA1KgaSiHO0qqedM=">AAACLHicbVDLSsNAFJ3UV62vqEs3g0VwY0mKr2WxG5cV7AOaECaTSTt08mDmRqmlH+TGXxHEhUXc+h1O2yy09cDA4Zx7uHOPnwquwLImRmFldW19o7hZ2tre2d0z9w9aKskkZU2aiER2fKKY4DFrAgfBOqlkJPIFa/uD+tRvPzCpeBLfwzBlbkR6MQ85JaAlz6w7wEXAsCN0JiCejR3Je30gUiaPGC+5Z/hpUax6ZtmqWDPgZWLnpIxyNDzzzQkSmkUsBiqIUl3bSsEdEQmcCjYuOZliKaED0mNdTWMSMeWOZseO8YlWAhwmUr8Y8Ez9nRiRSKlh5OvJiEBfLXpT8T+vm0F47Y54nGbAYjpfFGYCQ4KnzeGAS0ZBDDUhVHL9V0z7RBIKut+SLsFePHmZtKoV+7JycXdert3kdRTRETpGp8hGV6iGblEDNRFFz+gVfaCJ8WK8G5/G13y0YOSZQ/QHxvcPL0im8Q==</latexit>

�̃1 ! �̃1 � z�̃2

<latexit sha1_base64="+oLZvggsbqgrd35gDpa3kkGEx7M="></latexit>

(p1 �
z

2
h1�|�µ|n�i)2 = p21 + zh1�|/k1|n�i+ z2

4
h1�|�µ|n�i2

= 0

<latexit sha1_base64="BY+O9sY0Cuc33XX7uUA0rQSwzZk="></latexit>

pµn ! pµn +
z

2
h1�|�µ|n�i

<latexit sha1_base64="4SQr4MjC9vjssPOX9mFFmnoY8ko="></latexit>

pµ1 ! pµ1 � z

2
h1�|�µ|n�i

<latexit sha1_base64="gNRjxF54WTxFA8VcHYq8LzD1qcc=">AAACF3icbVBLS8NAGNzUV62vqEcvi0UQhJCIr2PRi8cK9gFNCJvNpl262YTdjVJD/4UX/4oXD4p41Zv/xm0bfLQOLMzOzMfuN0HKqFS2/WmU5uYXFpfKy5WV1bX1DXNzqymTTGDSwAlLRDtAkjDKSUNRxUg7FQTFASOtoH8x8ls3REia8Gs1SIkXoy6nEcVIack3LZfpcIh8Dl1Buz2FhEhuIfyRD+Dd983xzapt2WPAWeIUpAoK1H3zww0TnMWEK8yQlB3HTpWXI6EoZmRYcTNJUoT7qEs6mnIUE+nl472GcE8rIYwSoQ9XcKz+nshRLOUgDnQyRqonp72R+J/XyVR05uWUp5kiHE8eijIGVQJHJcGQCoIVG2iCsKD6rxD3kEBY6SorugRneuVZ0jy0nBPr+OqoWjsv6iiDHbAL9oEDTkENXII6aAAM7sEjeAYvxoPxZLwab5NoyShmtsEfGO9flaGe7A==</latexit>

�n ! �n + z�1
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On-shell Recursion

A(z) is amplitude with shifted momenta

Sum over residues

gives the on-shell 

recursion relation

If

Poles in z come from 

kinematic poles

h is helicity

physical unshifted

amplitude
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On-shell Recursion
We can build on-shell amplitudes recursively using simpler

on-shell amplitudes.

Homework:  Prove the Parke-Taylor formula is correct

by recursively applying Cauchy’s formula.

<latexit sha1_base64="pgx0eXe3TYwZnlcxO6igofBhP54="></latexit>

Atree
4 (1�, 2�, 3+, 4+) = i

h12i4

h12ih23ih34ih41i
Shift <latexit sha1_base64="8e1egKXn8lqrA1KgaSiHO0qqedM=">AAACLHicbVDLSsNAFJ3UV62vqEs3g0VwY0mKr2WxG5cV7AOaECaTSTt08mDmRqmlH+TGXxHEhUXc+h1O2yy09cDA4Zx7uHOPnwquwLImRmFldW19o7hZ2tre2d0z9w9aKskkZU2aiER2fKKY4DFrAgfBOqlkJPIFa/uD+tRvPzCpeBLfwzBlbkR6MQ85JaAlz6w7wEXAsCN0JiCejR3Je30gUiaPGC+5Z/hpUax6ZtmqWDPgZWLnpIxyNDzzzQkSmkUsBiqIUl3bSsEdEQmcCjYuOZliKaED0mNdTWMSMeWOZseO8YlWAhwmUr8Y8Ez9nRiRSKlh5OvJiEBfLXpT8T+vm0F47Y54nGbAYjpfFGYCQ4KnzeGAS0ZBDDUhVHL9V0z7RBIKut+SLsFePHmZtKoV+7JycXdert3kdRTRETpGp8hGV6iGblEDNRFFz+gVfaCJ8WK8G5/G13y0YOSZQ/QHxvcPL0im8Q==</latexit>

�̃1 ! �̃1 � z�̃2

<latexit sha1_base64="J44J6Ogd00lTLHmbsiSQwPVWiIE=">AAACF3icbVBLS8NAGNz4rPUV9ehlsQiCEJLi61j04rGCfUATwmazaZdusmF3o9TQf+HFv+LFgyJe9ea/cdsGH60DC7Mz87H7TZAyKpVtfxpz8wuLS8ullfLq2vrGprm13ZQ8E5g0MGdctAMkCaMJaSiqGGmngqA4YKQV9C9GfuuGCEl5cq0GKfFi1E1oRDFSWvJNy2U6HCK/Cl1Buz2FhOC3EP7Ih/Du++b4ZsW27DHgLHEKUgEF6r754YYcZzFJFGZIyo5jp8rLkVAUMzIsu5kkKcJ91CUdTRMUE+nl472GcF8rIYy40CdRcKz+nshRLOUgDnQyRqonp72R+J/XyVR05uU0STNFEjx5KMoYVByOSoIhFQQrNtAEYUH1XyHuIYGw0lWWdQnO9MqzpFm1nBPr+OqoUjsv6iiBXbAHDoADTkENXII6aAAM7sEjeAYvxoPxZLwab5PonFHM7IA/MN6/ANO+nnQ=</latexit>

�2 ! �2 + z�1

<latexit sha1_base64="gRRyE0h8GUlV6ex8fqJC1GiMzDM=">AAACTXicbVHNS8MwHE3nx+b8qnr0EhyCIIxW/LoIQy8eJ7gPWMtI07QLS9OSpMos+we9CN78L7x4UETMtoJz24PA473345e8eAmjUlnWm1FYWl5ZLZbWyusbm1vb5s5uU8apwKSBYxaLtockYZSThqKKkXYiCIo8Rlpe/2bktx6IkDTm92qQEDdCIacBxUhpqWv6DkM8ZATa8AQ6YsIdQcOeQkLEj3CRD4/h05Rh/xlXC/Nds2JVrTHgPLFzUgE56l3z1fFjnEaEK8yQlB3bSpSbIaEoZmRYdlJJEoT7KCQdTTmKiHSzcRtDeKgVHwax0IcrOFanJzIUSTmIPJ2MkOrJWW8kLvI6qQou3YzyJFWE48miIGVQxXBULfSpIFixgSYIC6rvCnEPCYSV/oCyLsGeffI8aZ5U7fPq2d1ppXad11EC++AAHAEbXIAauAV10AAYPIN38Am+jBfjw/g2fibRgpHP7IF/KBR/AabcsAA=</latexit>
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Twistors

Penrose twistor transform:

Witten’s remarkable twistor-space link:

QCD scattering amplitudes              Topological String Theory

Early work from Nair

Witten; Roiban, Spradlin and Volovich

Witten demonstrated that twistor space reveals a 
hidden structure in scattering amplitudes.

Link is for N = 4 super-Yang-Mills theory, but at

tree level hardly any difference from QCD. 

Here we will discuss only the field theory consequences
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Amazing Structures

Witten conjectured that in twistor–space gauge theory

amplitudes have delta-function support on curves of degree:

Connected picture

Disconnected picture

Structures imply an amazing simplicity in 
the scattering amplitudes.

Witten

Roiban, Spradlin and Volovich

Cachazo, Svrcek and Witten

Gukov, Motl and Neitzke

Bena Bern and Kosower


Remarkably gravity is similar, except derivative of delta function  
support instead of delta-function support.



MHV Rules
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Consider MHV amplitudes.

In momentum space suggests MHV amplitudes 

are  vertices for building new amplitudes.

Cachazo, Svrcek and Witten

+ +

+
+

Arbitrary

null momentum

Supported on a straight line

in twistor space

Non-MHV amplitudes

supported on intersecting lines

MHV amplitudes

at vertices

Massless 

or



25

Six-gluon example

A “perfect” calculation

220 Feynman diagrams
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 Twistor Structure at One Loop

The existence of such twistor structures connected with 
loop-level simplicity.  
Higher-loop structures 

At one-loop the coefficients of all integral functions

have beautiful twistor space interpretations

Twistor space supportBox integral

Bern, Dixon and Kosower

Britto, Cachazo and Feng

Three negative

helicities

Four negative

helicities
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The following formula encapsulates the entire tree-level 

S-matrix of N = 4 super-Yang-Mills (or pure gluons in QCD)

Very strange formula from Feynman diagram viewpoint.

 Perfect example of a hidden structure.

Degree d polynomial in 

the

Integral over the 

Moduli and curves

But it’s true: impressive checks by Roiban, Spradlin and Volovich

Witten

Roiban, Spradlin and Volovich

Remarkable Twistor String Formula
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Why are Feynman diagrams clumsy for 
high loop or multiplicity processes?

• Vertices and propagators involve 

    gauge-dependent off-shell states. 

    Origin of the complexity.  


• To get at root cause of the trouble we must rewrite perturbative 
quantum field theory. 

• All steps should be in terms of gauge invariant 

  on-shell states.                  On shell formalism.

• Radical rewrite of gauge theory needed.
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Surprising Simplicity of Pure Gluon Amplitudes

Well defined pieces of one-loop QCD are supersymmetric and simple.

There must be a better way.

ZB, Dixon, Kosower 1993

N = 4 sYM

Supersymmetric decomposition of QCD 

Amazingly it fit into PRL
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Modern Unitarity Method

Two-particle cut:

Generalized    
unitarity as a

practical tool.

Three-particle cut:

ZB, Dixon and Kosower;

ZB, Morgan;

Britto, Cachazo, Feng;

Ossala,Pittau,Papadopoulos;

Ellis, Kunszt, Melnikov;

Forde; Badger

and many others

on-shell ZB, Dixon, Dunbar and Kosower

Idea used in the “NLO revolution” in QCD collider physics

and high loop supergravity calculations

Are applying it to gravitational-wave problem.

• Systematic assembly of 

  complete loop amplitudes 

  from tree amplitudes.

• Works for any number of

  particles or loops.

on-shell
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Method of Maximal Cuts

To construct the amplitude we use cuts with maximum number 

of on-shell propagators:  

A refinement of unitarity method is “Method of Maximal Cuts”.

Then systematically release cut conditions to obtain contact 

terms:

Maximum number of

propagator placed 
on-shell.

on-shell

tree amplitudes

Fewer propagators 
placed on-shell.

ZB, Carrasco, Johansson, Kosower

Effectively this picks out terms in the integrand.
 Slick organization compatible with double copy:  ZB, Herrmann, Roiban, Ruf, Zeng (arXiv:2406.XXXX)
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 Summary

• Scattering amplitudes simpler than anyone imagined.

• On-shell methods exploit the simplicity.

• Unitarity method gives a means for exploiting tree-level 

   simplicity to construct higher-loop amplitudes.

In next lecture we will discuss remarkable double-copy 
property of gravity and start discussing applications.
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Reading List: Review Articles
• L. Dixon 1996 TASI lectures hep-ph/9601359 (trees basic 

ideas)

• Z. Bern, L. Dixon and D. Kosower, hep-ph/9602280  

(early review on loops)

• Z. Bern, gr-qc/0206071  (early applications to gravity)

• F. Cachazo and P. Svrcek, hep-th/0504194 (twistors)

• Z. Bern, L. Dixon, D. Kosower, arXiv:0704.2798  (tools 

    for QCD).

• Z. Bern, J.J. Carrasco, M. Chiodaroli,  H. Johansson,     

R. Roiban, arXiv:1909.01358 (gravity and double copy).

• G. Travaglini et al, arXiv: 2203.1301 (The SAGEX 

review on scattering amplitudes),
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