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Explain some basic modern ideas for
scattering and show two application.
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On-shell (BCFW) Recursion

. Generalized Unitarity

Color kinematics duality and double copy

. Brief discussion of UV properties of supergravity

Applications to precision gravitational waves.
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Some Terminology

Scattering Amplitude: Quantum field theory description of particle interactions.

QCD: Quantum Chromodynamics. Nonabelian generalization of QED. Theory of gluon
and quarks, which are constituents of protons and neutrons.

Supersymmetry: a symmetry relating bosons (forces) to fermions (matter). Central to
many topics in phenomenolgy and theory.

N = 4 super-Yang-Mills: Maximally supersymmetric version of QCD. Links to AdS/CFT.
String Theory: Unified theory of gravity and other force Usually relies on supersymmetry.

Effective field theory: Very basic tool in quantum field theory, taking advantage of
separation of scales.

Unitarity: Quantum evolution must preserve probabilities.

Double copy: The idea that gravitons can be precisely described by two gluons.



Scattering Amplitudes in QFT

Over time the field has blossomed in many directions.

Mathematics: Amplituhedron,
Polylogs New Formulations of
Grassmannians Fundamental PhysiCS
Algebraic Geometry
Gravitational String Theory
Waves
Classical
Gravit .
' Amplitudes )— megviy
LHC S :
Phenomenology / \ upergravity

QCD Super-Yang-Mills

Vast subject: Here I’'m going to pick a few topics.



The search for new structures.

3 TN

New Calculations New Structures

\ 1 A virtuous circle.

a \
New Tools

* Key priority for new calculations is to uncover new and useful structures.
* Simultaneously push state of the art for physical quantities of interest.

Three examples of structure that we will discuss:

1. Parke-Taylor
2. Curves in Twistor space and MHYV rules

3. Double copy

Many other structures, such as amplituhedron

Arkani-Hamed, Trnka



Quantum Field Theory and Scattering Amplitudes

Scattering amplitudes give us quantum mechanical description of

events at particle colliders.
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particle scattering

Higgs boson event

Large Hadron Collider

Tree Feynman diagram

ATLAS Detector

q
g
W
J q

loop diagram
higher order

Scattering amplitudes provide a foundation for understanding of such events.



Gauge Theory Feynman Rules
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Also fermions and ghosts

Color and kinematics mixed together



Tree-level example: Five gluons

Consider the five-gluon amplitude

If you evaluate this you find...



Result of evaluation (actually only a small
art of it):
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Example of loop ditficulty

Consider a tensor integral:

/ di=2¢f 0 0¥ 0o 0>
(2m) 3= 2 (£ — k1)2 (€ — k1 — k)2 (€ + ka)?

Note: this is trivial on modern computer. Non-trivial for
larger numbers of external particles.

Evaluate this integral via Passarino-Veltman
reduction. Resultis ...

11



Result of performing the integration

Calculations explode for larger numbers of particles
or loops. Clearly, there should be a better way! 12



Xu, Zhang and Chang
SpinOrS expose Simplicity Berends, Kleis and Causmaceker

Gastmans and Wu

o . o . . Gunion and Kunszt
Spinor helicity for massless polarization vectors: & many others

particle m\omentum B B N N
SZA(A?;q) _ Sa [ |k >’ e (k (¢"|w[k")  Chinese magic

V2(qk) = kg

Reference momentum

More sophisticated version of circular polarization: ¢, = (0,1, 4:,0)
eab)‘ja)\lb — (Gl) = (kj_|kiy) = 2k - Ky el = %a(kj)(l + v5)u(ky)
eabS\SI;\? — [jl] = <A?J-+|kl_> = —\/2kj - Ky el = %ﬂ(k])(l — v5)u(ky)

All required properties of circular polarization satisfied:

67;2:0, k-e, =0, e,gl_e._z—l

1

Changes in reference momentum g equivalent to on-shell gauge
transformations. No physical effects.

Graviton polarization tensors are squares of these:

elj_yzejej_ 2=1+41 3



Reconsider Five Gluon Tree

With a little Chinese magic:
Alee(1%, 27 3T 41 5T) =0

A’éree(l— 2~ 31T 4T 5T) = (12)%
RS R (12)(23)(34)(45)(51)
Abee(1—, 2+ 37 4t 51) = A
LR (12)(23)(34)(45)(51)

These are color stripped amplitudes:

As = ) Tr(T9T%2737%1%) As(1,2,3,4,5)
perms

Motivated by the Chan-Paton color organization of open

14
string amplitudes. Mangano and Parke



Parke and Taylor (198¢

T o MHYV Amplitude

At tree level Parke and Taylor conjectured a

very simple form for n-gluon scattering.
+

(12)* —
(12)(23) - (n1) _

A(1—, 27,37 ... nT) =i

A(17,27,3%, .0ty = Y T[99 T A1, 27,31, nT)

perms

This was guessed by calculating low points and then finding a

formula with correct kinematic poles in all channels.
Proven by Berends and Giele

P2 50

. . .. /B, Dixon, Dunbar, Kosower
This SlmpllClty has echoes for Cachazo, Svrecek, Witten; ZB.Dixon, Kosower

general helicities and at loop level. Brandhuber, Spence and Travaglini



SU(/V:) Color Decomposition

2 3 Color factor
M falagbfagagb

1 4

abc
NG

2T (TeTTe) — Te(TTTY)]

Y =3 m

Fierz identity:

(Ta)gi (Ta)Jz 5]2 5 531 532 000 =

11 12 11 12

TW3=T3®WC%+°“
2 gy e 3

— 0—|—
1 > 4

Tr[T°T?] = §%°

[Ta,’ Tb] _ ,l:fabcTc

i—Ni>¢

Use this to
reorganize color

tr(T T2 T TH) + - .

16



SU(/V:) Color Decomposition

Following above we can prove:

AR = N (T T )AR(1,2, ... n)
/ e \
full amplitude partial amplitude

Properties:
e Partial amplitudes are gauge invariant
e Only contributing Feynman diagram follow ordering of legs.

Planar diagrams

17



On-shell Recursion

A general machinery for constructing tree-level scattering
amplitudes is on-shell recursion.
Britto, Cachazo, Feng and Witten

Building blocks are
on-shell amplitudes

General replacement
for tree-level Feynman
diagrams

Contrast with Feynman diagram which are based on
off-shell unphysical states with ;2 £ 1,2 Britio, Cachazo, Feng and Witten

Proof relies on so little. Power comes from generality.

° CaUChy,S theorem Britto, Cachazo, Feng and Witten

e Basic field theory factorization properties Badger. Glover, Khoze and Svreek
Bedford, Brandhuber, Spence, Travaglin

e Applies as well to massive theories. Cachazo and Svreek: Benincasa,

e Applies as well to gravity theories. Boucher-Veronneau and Cachazo
18



On-shell Recursion

Consider amplitude under complex deformation of momenta.

Z i i i

p} — py — 5 (171 ™) A1 = A1 — ZA2
N or

P ol () A = An + 2

complex momenta p7 =0

Fierz Identity: (a™ [7*]o7 ) (e [vuld™) = 2{ac)[dD]
(a=]y"]p7)* =0
o= Pl —\\2 2 — — Z2 — |AM |y —\2
(01— (170 )? =+ 2(1 ™) + (1 90
=0

The shifted momentum are on shell! 19



On-shell Recursion

Py (2) =p’f—%<1_lv“|n_> ph(2) =p%+§<1_\7“\n_>

[z
A(z) is amplitude with shifted momenta / \
If A(z) -0, 2 — o ;“yﬁﬁi‘él‘i‘&sé‘éfted \J
A(z) A(z)

j{ dz=0 = A(z=0) =-) Resq
0. @) < o

Coy Poles in 7 come from
kinematic poles

z

A(z) zo; p—
Sum over residues
gives the on-shell

recursion relation

h is helicity

20



On-shell Recursion

We can build on-shell amplitudes recursively using simpler
on-shell amplitudes.

tree /4 — — o <12>4 _ A(Z)
AT S = e enEn 07 7{“ -
Shift ~ ~ -

l )\1—>)\1—Z)\2 A2 — Ay + 2z

(12) — (12) 4+ z(11) = (12)

(23) — (23) + 2(13) Note: A(z) — 0 for 2 — oo
Pol _ 23

ole at 293 = <13>

Alree(1,2,3,4) = AFee (4,17, K53) Atree(z 37, —K5)

2=223

K 223
Homework: Prove the Parke-Taylor formula is correct
by recursively applying Cauchy’s formula.

See Bern, Dixon, Kosower arXiv:0704.2798 sect 2.1 for help 21



Twistors

Witten demonstrated that twistor space reveals a
hidden structure in scattering amplitudes.

Link is for N = 4 super-Yang-Mills theory, but at
tree level hardly any difference from QCD.

Penrose twistor transform: Eatly work from Nair

AN, 1) —/H (27)2 exp(Z’iu?;\jd) AN, )

Witten’s remarkable twistor-space link:
Witten; Roiban, Spradlin and Volovich

QCD scattering amplitudes <> Topological String Theory

Here we will discuss only the field theory consequences
22



Amazing Structures

Witten conjectured that in twistor—space gauge theory
amplitudes have delta-function support on curves of degree:

d=q—1+4+ L, q = # negative helicities, L = # loops,

~ AN

Connected picture

Disconnected picture

Witten

Roiban, Spradlin and Volovich
Structures imply an amazing simplicity in  Cachazo, Svrcek and Witten

5 . Gukov, Motl and Neitzke
the scattering amplitudes. Bors Bern and Kosomer

Remarkably gravity is similar, except derivative of delta function

support instead of delta-function support. 03



MHY Rules

Cachazo, Svrcek and Witten

Consider MHV amplitudes.

+ +

a2
"12)(23)---(n1) T T
+

A(17, 27,317 ... nT) =

Supported on a straight line
in twistor space

Non-MHYV amplitudes ~
supported on intersecting lines P -2

+ 3
In momentum space suggests MHV amplitudes - +
are vertices for building new amplitudes. . t
- ~_ (aP)— (alPlg) or (aP)— (aP")

2 b s
>+ Va g =0 P\ P d
T+ Arbitrary

MHYV amplitudes null momentum Massless
at vertices

+ [ ]

+ 24



Six-gluon example

Cachazo, Svrcek and Witten

QCD gluon 16;%+ - < 5:§ — -<3_ 4+§ _ +<,_

scattering s 4+
amplitude : % + -<6- ;_—\- + 23__ 12\+ - :
— — — 4+ ++ 3_7_ 1— 3_/ \4— 6+/ \5+

(12)° 1, _¢l4l9®
(56)(61) (215 +6+ 1]a) (56 + 1+ 2]a) s34 (34) (4]3]q)

Ag(17,27,3 7,47 57 61) =

(114 + 5 +6|g)3 SN (23)3
(45)(56) (61){4|5+6+1]q) so3 (3|2]q)(2|3]q)

_+_

(314+5+6]g) L1 a2’
(34) (45) (56) (6]3+4+5lq)  s12 (2[1]g) (1[2]q)

. (23)3 L _alele®
(34)(45) (5|2+3+4|q)(2|13+4+5]a)  sg1  (61)(6]1]q)

220 Feynman diagrams (1)5 + 6]q)3 DR (23)3
/ ; (56)(61) (5|6 +1lg) s561 (34){4|2+3]|q)(2(3+4]q)

" . (12)3 L1 (@8lat5)9)’
(61)(2[6+1]q) (611 +2q) se12 (34)(45) (53 +4]q)

A “perfect” calculation

25



Twistor Structure at One Loop

At one-loop the coefficients of all integral functions
have beautiful twistor space interpretations

Box integral Twistor space support

Bern, Dixon and Kosower

Three negative
Britto, Cachazo and Feng

helicities

Four negative
helicities

The existence of such twistor structures connected with
loop-level simplicity.
Higher-loop structures 26



Remarkable Twistor String Formula

The following formula encapsulates the entire tree-level
S-matrix of N =4 super-Yang-Mills (or pure gluons in QCD)

Witten
Integral over the Roiban, Spradlin and Volovich
/ Moduli and curves

n—3
Ap = i(2m) g Z /(1\/1,1 dHf) (AF — fzpa) Hh“ (Z fzﬂk)\o) o (Zs:ﬂ ’/z~1>

Zakaz *~ Degree d polynomial in \‘/\
the O

Very strange formula from Feynman diagram viewpoint.
Perfect example of a hidden structure.

But it’s true: impressive checks by Roiban, Spradlin and Volovich
27



Why are Feynman diagrams clumsy for
high loop or multiplicity processes?

RICHARD FEYNMAN B

* Vertices and propagators involve JELRRIRY
gauge-dependent off-shell states. i SO ¢ B
Origin of the complexity. w,,,,,,,,,,,,,,_,f

q
)
i 2

* To get at root cause of the trouble we must rewrite perturbative
quantum field theory.

* All steps should be in terms of gauge invariant
on-shell states. p2 = m?2 On shell formalism.

e Radical rewrite of gauge theory needed. .



Surprising Simplicity of Pure Gluon Amplitudes

ZB, Dixon, Kosower 1993
ALY = ep (VEATe 4 iF?) |
= —cp (VI + Vo)A +i(F/ + F9)) |

A[51,]1 =Cr ((Vg + 4Vf — VS)Agree + Z(4Ff 4 FS))
Supersymmetric decomposition of QCD

1 2 € 5 o e - 5
Vg=——22( - >+Zln(—8f’ﬂ+l )1(—* >+ «— N=4sYM
€ =\ =8jj+1 = \"SjtL 42 —$j-245-1) 6

F__5_ N s _Lyp 2
v 2¢ |: (523>+1 (851):| v 3V +9
o 1027 (@3BAAY + 45 1) Lo (52)
2 (23) (34) (45) (51) 851
e 1B4UD RS (Y Iy +eyus e (5) 1,
3 (34) (45) 31 3
1 (35)[35)° Ll (12)[35) L L2 Bgan 4y . o
3IARIBH A5 BY  3RIBHUHBI 6 523 34) (45) 501 Amazingly it fit into PRL

Well defined pieces of one-loop QCD are supersymmetric and simple.
There must be a better way.

29



Modern Unitarity Method

E2 = 52 4+ m?
on-shell

Two-particle cut: m
! * Systematic assembly of

3 complete loop amplitudes
from tree amplitudes.
* Works for any number of
4+ particles or loops.

2

|€3
41

Three-particle cut:

1

on-shell
ZB, Dixon and Kosower;

. ; N\ ,
Generalized ) ;2 3 ZB, Morgan; |
. . ritto, Cachazo, Feng;
unltarlty as a % % Ossala,Pittau,Papadopoulos;
practical tool. 1 41 4 Ellis, Kunszt, Melnikov;

Forde; Badger
and many others

Idea used in the “NLO revolution” in QCD collider physics
and high loop supergravity calculations
Are applying it to gravitational-wave problem.

ZB, Dixon, Dunbar and Kosower

30



Method of Maximal Cuts

/B, Carrasco, Johansson, Kosower

A refinement of unitarity method is “Method of Maximal Cuts”.

To construct the amplitude we use cuts with maximum number
of on-shell propagators: tree amplitudes

on-shell / Maximum number of
propagator placed
on-shell.

Then systematically release cut conditions to obtain contact

terms:
Fewer propagators
placed on-shell.

Effectively this picks out terms in the integrand.
Slick organization compatible with double copy: ZB, Herrmann, Roiban, Ruf, Zeng (arXiv:2406. XXXX) 31



Summary

* Scattering amplitudes simpler than anyone imagined.
e On-shell methods exploit the simplicity.

e Unitarity method gives a means for exploiting tree-level
simplicity to construct higher-loop amplitudes.

In next lecture we will discuss remarkable double-copy
property of gravity and start discussing applications.

32
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