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Approach to General Relativity

Our appoach does not start from usual Einstein Field equations.

geometry
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Amplitude Approach to General Relativity

Our appoach does not start from usual Einstein Field equations.

• Not suited for all problems. Works very well for asymptotically flat space-times in 
context of perturbation theory.


• Well suited for gravitational-wave physics from compact astrophysical objects.

geometry

Gravitons are spin 2 particles
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Our Philosophy

Steven Weinberg in preface to his book on gravity

“By now the passage of time has taught us not to expect 
that the strong, weak and electromagnetic interactions can 
be understood in geometrical terms, and too great an 
emphasis on geometry can only obscure the deep                                     
connections between gravitation and the rest of physics.”

• Our starting point is gauge theory.  (Strong, weak and electromagnetic)

• Double copy will give gravity direct from gauge theory.

• So far mainly useful for perturbative problems around flat space.

This underlies our approach.
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From Tree to Loops: Generalized Unitarity Method

Two-particle cut:

Generalized    
unitarity as a

practical tool

for loops.

Three-particle cut:

ZB, Dixon and Kosower;

ZB, Morgan;

Britto, Cachazo, Feng;

Ossala,Pittau,Papadopoulos;

Ellis, Kunszt, Melnikov;

Forde; Badger;

ZB, Carrasco, Johansson, Kosower

and many others

• Systematic assembly of 

  complete loop amplitudes 

  from tree amplitudes.

• Works for any number of

  particles or loops.

on-shell

on-shell

Idea used in the “NLO revolution” in QCD collider physics

and high loop supergravity calculations.

Are applying it to gravitational wave problem.

ZB, Dixon, Dunbar and Kosower (1994)

Use tree amplitudes to build higher order (loop) amplitudes.
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Gravity vs Gauge Theory

Gravity seems so much more complicated than gauge theory.

Infinite number of 

complicated interactions

Consider the Einstein gravity Lagrangian

Compare to gauge-theory Lagrangian on which QCD is based

 + …

Only three and four

 point interactions

Gauge and gravity theories seem rather different.

terrible mess

Flat-space metric

metric

graviton

field 

curvature
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Three-Point Interactions

        About 100 terms in three vertex

 Naïve conclusion: Gravity is a nasty mess.

Three-graviton vertex:

Three-gluon vertex from strong interactions:

Standard perturbative approach:
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Yang-Mills

gauge theory:

Einstein

gravity:

“square” of 

Yang-Mills 

vertex. 

On-shell three vertices contains all information: 

On-shell viewpoint has surprising simplicity.

Using on-shell methods, BCFW recursion and unitarity method, we can build all 
tree and loop amplitudes in the theory.

Only consistent vertices

with correct dimensions

Simplicity of Gravity Amplitudes
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Gravity vs Gauge Theory

Infinite number of irrelevant 

interactions!

Consider the gravity Lagrangian

Compare to Yang-Mills Lagrangian

 + …

Only three-point

Interactions needed

Gravity seems so much more complicated than gauge theory.
no

Simple relation 

to gauge theory

flat metric

metric

graviton

field 
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KLT Relation Between Gravity and Gauge Theory

Kawai-Lewellen-Tye string relations in low-energy limit: 
gravity gauge-theory color ordered

1. Gravity is derivable from gauge theory.  Standard Lagrangian 

      methods offers no hint why this is possible.

2. It is very generally applicable.

Generalizes to explicit all-leg form. 

KLT (1985)

ZB, Dixon, Perelstein, Rozowsky
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Generalized Unitarity Cuts and Double Copy 

Problem of computing the generalized cuts in gravity is reduced 

to multiplying and summing gauge-theory tree amplitudes.  
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Duality Between Color and Kinematics

Color factors based on a Lie algebra: 

coupling 

constant

color factor
momentum dependent

kinematic factor

Color factors satisfy Jacobi identity:  

Use  1 = s/s = t/t = u/u 

to assign 4-point diagram

to others.

Numerator factors satisfy similar identity:  

Jacobi Identity

ZB, Carrasco, Johansson

Proven at tree level
ZB, Carrasco, Johansson; Kiermaier; Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove;  Cachazo, etc
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gauge theory

(QCD):

Einstein gravity: sum over diagrams

with only 3 vertices

Gravity and gauge theory kinematic numerators are the same!

Kawai, Lewellen, Tye;    ZB, Carrasco, Johansson

 kinematic numerator

 factor
 Feynman propagators

 color factor

Same ideas conjectured to hold at loop level.

Gravity as a Double copy of Gauge Theory

Cries out for a unified description of gravity with gauge theory,

presumably along the lines of string theory.
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ZB, Carrasco, Johansson  (2010) 

• Loop-level conjecture is identical to tree-level except for symmetry factors and integration.

• Double copy works if numerator satisfies duality.  

• Finding such numerators is nontrivial at high loop orders.

sum is over 

diagrams

propagators

symmetry

factor

color factor
kinematic

numerator

gauge theory

gravity

Loop-Level Generalization
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BCJ 

Gravity loop integrands are free!

 If you have a set of duality satisfying numerators.

                                  To get: 

simply take

color factor        kinematic numerator

gauge theory         gravity theory

Gravity loop integrands follow from gauge theory!

Ideas conjectured to generalize to loops: 

ck           nk

color factor

kinematic

numerator(k) (i) (j)

Double copy construction
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Generalized Gauge Invariance

Above is just a definition of generalized gauge invariance.

Includes ordinary gauge invariance.

• Gravity inherits generalized gauge invariance from gauge theory!

• Double copy works even if only one of the two copies has duality manifest!

gauge theory

gravity

ZB, Carrasco and Johansson

ZB, Dennen, Huang, Kiermaier

Tye and Zhang

 Cancellations at integrand level
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Three loop N = 4 sYM integrand in BCJ Form

N = 8 sugra :  (N = 4 sYM) x (N = 4 YM)

• N = 4 sYM numerators


• N = 8 sugra numerator obtained by 
squaring them.

<latexit sha1_base64="2bnuvo7vjQhdI3CPWwTTk9wJ7eo=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaT42ghFNy4r2Ac0IUwmk3bs5MHMjVBCF278FTcuFHHrR7jzb5y2WWjrgQuHc+7l3nv8VHAFlvVtLC2vrK6tlzbKm1vbO7vm3n5bJZmkrEUTkciuTxQTPGYt4CBYN5WMRL5gHX94PfE7D0wqnsR3MEqZG5F+zENOCWjJMysOkMzL+f0YX+I6Tj2BHRokgIXHPbNq1awp8CKxC1JFBZqe+eUECc0iFgMVRKmebaXg5kQCp4KNy06mWErokPRZT9OYREy5+fSJMT7SSoDDROqKAU/V3xM5iZQaRb7ujAgM1Lw3Ef/zehmEF27O4zQDFtPZojATGBI8SQQHXDIKYqQJoZLrWzEdEEko6NzKOgR7/uVF0q7X7LPa6e1JtXFVxFFCFXSIjpGNzlED3aAmaiGKHtEzekVvxpPxYrwbH7PWJaOYOUB/YHz+AA6dlxc=</latexit>

⌧ij = 2pl · li

Overall factor of st A4tree

<latexit sha1_base64="LKel4dbqoWrpCjZMWYjoiP6S08Q=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQEcpM8bURim5cVrAPaMchk2ba0EwmJBmljP0UNy4UceuXuPNvTNtZaOuBC4dz7uXeewLBqNKO823llpZXVtfy64WNza3tHbu421RxIjFp4JjFsh0gRRjlpKGpZqQtJEFRwEgrGF5P/NYDkYrG/E6PBPEi1Oc0pBhpI/l2UcFLWBa+C4+h8KtH91XfLjkVZwq4SNyMlECGum9/dXsxTiLCNWZIqY7rCO2lSGqKGRkXuokiAuEh6pOOoRxFRHnp9PQxPDRKD4axNMU1nKq/J1IUKTWKAtMZIT1Q895E/M/rJDq88FLKRaIJx7NFYcKgjuEkB9ijkmDNRoYgLKm5FeIBkghrk1bBhODOv7xImtWKe1Y5vT0p1a6yOPJgHxyAMnDBOaiBG1AHDYDBI3gGr+DNerJerHfrY9aas7KZPfAH1ucPibuRnA==</latexit>

s = (p1 + p2)
2

<latexit sha1_base64="3aOktBU1Jdgv+V85LsSvuqzTBwU=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqQpmpz41QdOOygn1AOw6ZNNOGZjIhyShl7Ke4caGIW7/EnX9j2s5CWw9cOJxzL/feEwhGlXacb2thcWl5ZTW3ll/f2Nzatgs7DRUnEpM6jlksWwFShFFO6ppqRlpCEhQFjDSDwfXYbz4QqWjM7/RQEC9CPU5DipE2km8XNLyEJeFX4BEU/vHhfcW3i07ZmQDOEzcjRZCh5ttfnW6Mk4hwjRlSqu06QnspkppiRkb5TqKIQHiAeqRtKEcRUV46OX0ED4zShWEsTXENJ+rviRRFSg2jwHRGSPfVrDcW//PaiQ4vvJRykWjC8XRRmDCoYzjOAXapJFizoSEIS2puhbiPJMLapJU3IbizL8+TRqXsnpVPb0+K1assjhzYA/ugBFxwDqrgBtRAHWDwCJ7BK3iznqwX6936mLYuWNnMLvgD6/MHjmORnw==</latexit>

t = (p2 + p3)
2
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Applications to Black Hole Physics

Wouldn’t it be really neat if every classical solution in gravity 

could be mapped to a double copy of classical solutions?

Obviously the coolest place possible: black holes. Where to start? 

Special coordinates:  Kerr-Schild coordinates:

black hole                        point charge 

k is null

Schwarzschild

black hole

Schwarzschild ~  (Coulomb)2

Coulomb

point charge

Monteiro, O’Connell and White
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Double Copy for Classical Solutions

• Schwarzschild and Kerr black holes.

• Solutions with cosmological constant.

• Radiation from accelerating black hole.

• Maximally symmetric space times.

• Plane wave background.

• Gravitational radiation.

Variety of special cases:  

Monteiro, O’Connell and White;

Luna, Monteiro, O’Connell and White;

Luna, Monteiro, Nicholsen, O’Connell and White;

Ridgway and Wise; Carrillo González, Penco, Trodden;

Adamo, Casali, Mason, Nekovar;
Goldberger and Ridgway; Chen;

Luna, Monteiro, Nicholson, Ochirov;

Bjerrum-Bohr, Donoghue, Vanhove;  

O'Connell, Westerberg, White; Kosower, Maybee, O’Connell; Adamo, Casali, Mason, Nekovar 

 etc

Goal is to formulate gravity solutions directly in terms of gauge theory 

Still no general understanding.

But plenty of examples.
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Web of Theories

Double copy links various theories through their component theories. 

 arXiv:1909.01358, Section 5. ZB, Carrasco, Chiodaroli, Johansson, Roiban  
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In a very precise sense: 

Gravity  ~  (gauge theory) x (gauge theory) 

Examples of Applications:

• 4,5 loop supergravity to study nonrenormalizability of gravity theories.


• G3 — G5  corrections to Newton’s potential from GR (all orders in velocity).

ZB, Carrasco, Dixon, Johansson, Roiban; ZB, Davies, Dennen; ZB, Carrasco, Chen, Edison, Johansson, Roiban, 

Parra-Martinez, Zeng 

ZB, Cheung,  Roiban,  Shen, Solon, Zeng (2019) 

ZB,  Parra-Martinez, Roiban, Ruf. Shen, Solon, Zeng (2021)

ZB, Herrmann, Roiban, Ruf, Smirnov, Smirnov (2024)

Summary
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Understanding UV of Gravity
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Quantum Gravity

Often repeated statement:

“Einstein’s theory of General Relativity is incompatible with quantum mechanics.”

To a large extent this is based on another often repeated statement:

“All point-like quantum theories of gravity are divergent and non-renormalizable.”

Where do these statements come from and are they true?
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• Extra powers of loop momenta in numerator means integrals are    

   badly behaved in the UV and must diverge at some loop order.

• Much more sophisticated power counting in supersymmetric theories   

   but this is basic idea.

Gravity: 

Gauge theory:

• With more supersymmetry expect better UV properties.

• Need to worry about “hidden cancellations”.

• N = 8 supergravity best theory to study.


Dimensionful coupling

UV Behavior of Gravity?
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Test case: N = 8 Supergravity

The best theories to look at are supersymmetric  theories. 

We first consider N = 8 supergravity.

 Reasons to focus on N ≥ 4 supergravity:

• With more supersymmetry expect better UV properties.

• High symmetry implies technical simplicity.

Supersymmetry relates bosons (forces) and fermions (matter)

Einstein gravity + 254 other physical states

In the late 70’s and early 80’s supergravity was seen as the

primary means for unifying gravity with other forces. 

Ferrara, Freedman, van Nieuwenhuizen
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If certain patterns that emerge should persist in the higher

orders of perturbation theory, then … N = 8 supergravity 

in four dimensions would have ultraviolet divergences 

starting at three loops. Green, Schwarz, Brink, (1982)

Note the lack of certainty and caution in these opinions.

It is therefore very likely that all supergravity theories will diverge 
at three loops in four dimensions… The final word on these issues 
may have to await further explicit calculations.

Marcus, Sagnotti (1985)

Opinions from the 80’s



3 loops

 N = 8

Green, Schwarz, Brink (1982); Howe and Stelle 
(1989);  

Marcus and Sagnotti (1985)

5 loops

 N = 8

Bern, Dixon, Dunbar, Perelstein, Rozowsky 
(1998); Howe and Stelle (2003,2009)

6 loops

 N = 8 

Howe and Stelle (2003)


7 loops

 N = 8 

Grisaru and Siegel (1982);  Bossard, Howe, 
Stelle (2009);Vanhove; Björnsson, Green  
(2010); Kiermaier, Elvang, Freedman(2010);

Ramond, Kallosh (2010);  Biesert et al (2010);

Bossard, Howe, Stelle, Vanhove (2011)

3 loops

 N = 4

Bossard, Howe, Stelle, Vanhove (2011)

4 loops

 N = 5

Bossard, Howe, Stelle, Vanhove (2011)

4 loops

  N = 4

Vanhove and Tourkine (2012)

9 loops

  N = 8

Berkovits, Green, Russo, Vanhove (2009)
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N = 8 supergravity: Where is First D = 4 UV Divergence?

• Track record of predictions from standard symmetries not great.

• Conventional wisdom holds that it will diverge sooner or later.

✓

✗

✗

✗

?

✗

✗
Weird structure.

Anomaly-like behavior

of divergence.

ZB, Kosower, Carrasco, Dixon, 

Johansson, Roiban;   ZB, Davies,

Dennen, A. Smirnov, V. Smirnov;   

series of calculations.

✗ Retracted, but perhaps to be

unretracted.

This is what we are most

interested in.

“shut up and calculate”
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Supersymmetry and Ultraviolet Divergences 

Poor UV behavior in N = 8 supergravity unless new types of cancellations 

between diagrams exist that are “not consequences of supersymmetry in 

any conventional sense”
 Bjornsson and Green

Bossard, Howe, Stelle; Elvang,  Freedman, Kiermaier; Green, Russo, Vanhove ; Green and Björnsson ;

Bossard , Hillmann and Nicolai;  Ramond and  Kallosh;  Broedel  and Dixon; Elvang and Kiermaier;

Beisert,  Elvang, Freedman, Kiermaier, Morales, Stieberger; Bossard, Howe, Stelle, Vanhove, etc

Consensus agreement from all power-counting methods. 

• N = 4 sugra should diverge at 3 loops in D = 4.         

•   N = 5 sugra should diverge at 4 loops in D = 4.

•   Half maximal sugra diverges at 2 loops in D = 5.

•   N = 8 sugra should diverge at 5 loops in D = 24/5.   

•   N = 8 sugra should diverge at 7 loops in D = 4. 
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Scorecard on Symmetry Predictions

• N = 4 sugra should diverge at 3 loops in D = 4.         

•   N = 5 sugra should diverge at 4 loops in D = 4.

•   Half maximal sugra diverges at 2 loops in D = 5.

•   N = 8 sugra should diverge at 5 loops in D = 24/5.   

•   N = 8 sugra should diverge at 7 loops in D = 4.

•   N = 5 sugra should diverge at 5 loops in D = 4.       

ZB, Davies, Dennen (2012, 2014); ZB, Davies, Dennen, Huang(2012)  

• UV cancellation of N = 5 supergravity at 4 loops in D = 4 definite mystery.  
Standard symmetry arguments do appear power enough.

✗
✗

?

Goal is to provide definitive answers.  Key target N = 5 supergravity at 5 loops.

✗

Freedman, Kallosh and Yamada (2018)  

✓

ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018) 

What is the difference between N = 5 and N = 8?  

 D = 4 has extra cancellations.

key questions

 Edison, Herrmann, Parra-Martinez,  Trnka (2019)  

ZB, Chen, Edison, Gopalka, Jones, Herrmann, Roiban, Ruf  (ongoing) 

?



30

Enhanced UV Cancellations

This diagram is log divergent 

N = 4 sugra:  pure YM  x N = 4 sYM
already log divergent

N = 4

sugra

ZB, Davies, Dennen (2014)

3 loop UV finiteness of N = 4 supergravity  proves existence of 
“enhanced cancellation” in supergravity theories.

1
2 3

4

Suppose diagrams in all possible Lorentz 

covariant representations are UV divergent,

but the amplitude is well behaved.

• By definition this is an “enhanced cancellation”.

• Not the way gauge theory works. 

• Normal formulations don’t display these.



N = 5 Supergravity Four-Loop Enhanced Cancellations

N = 5 sugra:  (N = 4 sYM) x (N = 1 sYM)

N = 4 sYM N = 1 sYM

Certain diagrams 

necessarily UV divergent.

ZB, Davies and Dennen

Crucial help 

from (Smirnov)2
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Industrial strength software needed:  FIRE and special purpose C++

Enhanced cancellation:  N = 5 supergravity at 4 loops

UV finite despite the fact that individual pieces are divergent. 



82 nonvanishing numerators in BCJ representation
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ZB, Carrasco, Dixon, Johansson, Roiban (N = 4 sYM) 



N = 5 Supergravity Divergences at Four Loops
ZB, Davies and Dennen

Adds up to zero: no divergence.  Enhanced cancellations!

No standard (super)symmetry explanation exists. Origin is a mystery.
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N = 8 Supergravity at Five loops
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ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018) 

Evaluated leading ultraviolet divergence  (D = 24/5):

Key point:  “Impossible” calculations are doable.
Want to harness this for gravitational waves

diverges don’t cancel in D = 24/5

This is UV finite in D = 4

SIDE COMENT:  At the time this calculation was rather difficult because no BCJ representation has been found for N=4 SYM 5 loops 

positive 

definite


divergence



Despite considerable effort, no one has succeeded in finding a BCJ form

for the 5 loop N = 4 sYM integrand.

N = 5 Supergravity at Five Loops?
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Stay tuned.  We are back to working on N = 5 sugra at 5 loops.  First N = 1 sugra at 3 loops. 
ZB, Chen, Edison, Gopalka, Hermann, Roiban, Ruf (ongoing)

Do the enhanced cancellations continue to 5 loops?  Is four loop result an accident?

N = 5 sugra:  (N = 4 sYM) x (N = 1 sYM)

5-loop 4-pt  N = 4 sYM amplitude:

ZB, Hermann, Roiban, Ruf, Zeng (to appear)

BCJ and double copy easy on cuts.

How to combine the cuts for complicated expressions?


New Solution:  Identify a basis of (nonplanar) integrand terms.

Basis designed to make “cut term = integrand term”.

double copy easy 



Summary

Double copy gives us gravity amplitudes from corresponding gauge theory ones.


1. Useful for high-loop studies of ultraviolet properties of supergravity.

2. Next lecture will present applications to gravitational-wave physics.


     


  

36


