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Outline

Here we discuss the applications to gravitational-wave physics.

1. Overview. What do quantum scattering amplitudes have to do with
classical gravitational waves.

2. Brief review of basics.

3. Sample application: High precision gravitational-wave calculations.

4. Conclusions and Outlook.




Outline

Era of gravitational-wave astronomy has begun.
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How can we, in the amplitudes community, help out with core mission of
osravitational wave detectors ?



Can Scattering Amplitude Help with Gravitational Wave Theory?

What does particle physics have to do with classical dynamics of astrophysical objects?

bounded orbit

gauge theories, QCD, electroweak General Relativity
quantum field theory classical physics

Black holes and neutron stars are point particles as far as long-wavelength radiation is
concerned.

Iwasaki (1971); Goldberger, Rothstein (2006); Vaydia, Foffa , Porto, Rothstein, Sturani;
Kol; Bjerrum-Bohr, Donoghue, Holstein, Plante, Pierre Vanhove; Levi, Steinhoff; Vines etc

Will explain that scattering amplitudes are well suited for perturbative gravitational wave
calculations in post-Minkowskian framework.



From Last Lecture: Generalized Unitarity Method

Use tree amplitudes to build higher order (loop) amplitudes.

E 2 — ﬁ ‘ —+ m2 «— on-shell \ /B, Dixon, Dunbar and Kosower (1994)
. N — d
Two-particle cut: .“. * Systematic assembly of
TN complete loop amplitudes

from tree amplitudes.
* Works for any number of
particles or loops.

Three-particle cut:

/B, Dixon and Kosower:;
/B, Morgan;

Generalized / ; Britto, Cachazo, Feng; |
o v 2 Ossala,Pittau,Papadopoulos;

unitarity as a Ellis, Kunszt, Melnikov:

practical tool .1 .  Forde; Badger;

/B, Carrasco, Johansson, Kosower
for lOOpS‘ and many others




Gravity as a Double copy of Gauge Theory

Kawai, Lewellen, Tye; ZB, Carrasco, Johansson

/\ color factor
- kinematic numerator
gauge theory Atree — g 2 Z Gy Ty Factor
(QCD) D; 1 ——— Feynman propagators
Ci. — C; — Cj
~ J C; — Ny >—‘—<
N — Ty — 1y

2

. . . o n:
Einstein gravity: A€ — "2 oL
‘ ()
n; ~ kg -kskp-e1€2 €364 €54 -

sum over diagrams
with only 3 vertices

Gravity and gauge theory kinematic numerators are the same!

Same ideas conjectured to hold at loop level.



Applications

Examples of Applications:

* 5 loop supergravity to study nonrenormalizability of gravity theories.
/B, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)

* G3— GO corrections to Newton’s potential from GR.

B, Cheung, Roiban, Shen, Solon, Zeng (2019)
B, Parra-Martinez, Roiban, Ruf. Shen, Solon, Zeng (2021)
B, Herrmann, Roiban, Ruf, Smirnov, Smirnov (2024)
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Goal: Higher Precision.

Dynamics of black hole [nspiral Merger Ringdown
inspiral for gravitational

waves. f

|
NANNNANNNNS |
analytic part we want to help with |
Post — Newtonian Numerical Perturbation
PN + EOB or PhenO Theory Relativity Theory

Small errors accumulate. Need for high precision.

From Antelis and Moreno, arXiv:1610.03567



Basic Approaches

1. Post-Newtonian (PN): Expand in G and v f -
2. Post-Minkowskian (PM): Expand in G. gl
3. Self force (GSW): Expand in mass-ratio exact in G. (Semi numerical)

4. Numerical relativity (NR): Solve Einstein’s equations numerically

e PM approach fits naturally with scattering amplitudes.

e Waveform models import information from all approaches.



Post Newtonian Approximation

For orbital mechanics:

Expand in G and ¢~ R

/

virial theorem

GM
Uz N < 1 { -
v

In center of mass frame: m=ma+mp. v=pu/M,

N\

H P2 Gm p=mamp/m. Pr=P-R

_ <« Newton

1 2 R
| 1 P4 | 3v P4 | Gm Pr’v 3P2 yP? | G?m?
'cz{ 8 8 'R( 2 2 2)'21?2}
4+ ™~ 1PN: Einstein, Infeld, Hoffmann;

. . Droste, Lorentz
Hamiltonian known to 4PN order.

2PN: Ohta, Okamura, Kimura and Hiida (1973); Damour (1982)
3PN: Damour, Jaranowski and Schaefer (2000); L. Blanchet and G. Faye (2000) .
4PN: Damour, Jaranowski and Schaefer (2017); Foffa, Porto, Rothstein, Sturani (2019).
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Importance of higher orders for L1IGO/Virgo

LIGO/Virgo Collaboration arXiv:1602.03841

Binary pulsar confirms
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quadrupole radiation
- formula and not much
] else.
LIGO/Virgo tests PN
terms from GR
see talk From Harms
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OPN 05PN IPN 15PN 2PN 2.5PN

3PN

3.5PN

Newton Einstein Ohta (1974) Blanchet (2000)  Blanchet (2015)
(1686) (1938) Damour (1981) Damour (2000)  Damour (2014)

LIGO/Virgo sensitive to high PN orders.

11



https://cosmicexplorer.org/sensitivity.html

Future Detectors

Ground based improvements

'dB toda
aLIGO 'l — y
v 1075
IN 7
m .
see talk From Harms 2 »
2107244
c
'©
3 future
Cosmic Einstein
10-25- Explorer Telescope
10 100 1000
Frequency / Hz

Depending on parameters, sensitivity improvements up to factor of 100.

Highly nontrivial theoretical challenge to match upcoming experimental precision.

Likely need 2 further perturbative orders

12



Post-Minkowskian Approach

Comments:

* Unbound orbits cleaner
theoretical environment.

* Asymptotic flat space
for scattering processes

e
m
N

,,,,

-
G
ov

- post-Minkowskian

pamad
-
N

periastron distance r,¢*/GM
e
.

10°
O 1 O
eccentricity e Khalil, Buonanno, Steinhoff, Vines

Different approaches needed for high precision in all regions. EOB.

Buonanno and Damour

13



High-energy gravitational scattering and the general relativistic two-body problem

Thibault Damour®*
Institut des Hautes Etudes Scientifiques, 35 route de Chartres, 91440 Bures-sur-Yvette, France
(Dated: October 31, 2017)

»‘\ tochmque for tr'mslatmg the classical scattermg functlon of t\\o gravitationally mter'mtmg bod-

and we urge amplltude experts to use their novel techmques to
compute the 2-loop scattering amplitude of scalar masses, from
which one could deduce the third post-Minkowskian effective
one-body Hamiltonian.”

\ /

tum g1z itude of two particles, and we urge amplitude experts to use their
novel techniques tocompute the 2-loop scattering amplitude of scalar masses, from which one could
deduce the third post-Minkowskian effective one-body Hamiltonian

I~
(::-’—:] [ ] ® ® [ ] ® [ ] ® [ ] htl}r intro-
» Hard to resist an invitation with this kind of clarity! |t deiv
C | Irom the
@ prainaanhruieesd ol fenl iovrmmarrigiegdes. (gauge-invariant) scattering function ® linking (half) the
~ I e {nsl?lralllng RINS enafoncing EMTary blé.ml‘ heles center of mass (c.m.) classical gravitational scattering
N has been significantly helped, from the theoretical side, angle x to the total enerpy, E.uy = /5, and the total
- by the availability of a large bank of waveform templates, il 1+ Hreal = '

defined [5, 6] within the analytical effective one-body

angular momentum, J, of the system’

Very important to us that the GW theory community really needs the results.

e 4

99y |

D

).10

numerical simulations of coalescing black-hole binaries
(see [12] for a review of perturbative results on binary
systems, and [13| for a review of the numerical relativity
of binary black holes). Until recently, the perturbative re-
sults used to define the EOB conservative dynamics were
mostly based on the post-Newtonian (PN) approach to
the general relativistic two-body interaction. The con-
servative two-body dynamics was derived, successively,
at the second post-Newtonian (2PN) [14. 15|, third post-

3 Aj

1 | |
5X = ®(h,5iv). (1.2)

where we denoted

Ereal J J

P ] = = 1.3
M 7 o (13)

h=
Gmyms GuM

with
myms H mims
M=mi+mot=—m——v=s—= ——

14




2 Body Potentials and Amplitudes

Tree-level: Fourier transform gives classical potential. Corrections to Newtonian potential follows
73 from scattering amplitudes
q _iq tree
V(r) ~ / e AT q) o0 -
3 GN\*
(27) 1 V(p,r) =) ci(p®) (W)
i=1

H(p,r) = \/p? +m3 +/p? + m3 + V(p,r) . o
Armed with a 2 body Hamiltonian

we can do classical physics.
Beyond 1 loop less obvious:

 Loops have classical pieces.

iSClassical/h
» 1/h" scaling of at L loop. € 1 1 j

* Double counting and iteration.

Piece of loops are classical: Our task is to efficiently extract these pieces.

15



What are we after?
f -
-/

* Replace scattering in General Relativity with a two body Hamiltonian that
IS easy to use in bound-state problem.

* Extract physics juice, leaving behind complexity of general relativity.

Gmlmz

V(I‘,p): L.

r

Just like Newton’s potential, except
 Compatible with special relativity (all orders in velocity)
* Valid through O(G>).

* In addition, want complete control over radiative contributions.



Classical Limit

Consider 2 to 2 scattering

P1 P4 S = (p1 -|-Z92)2 ‘Q| ~ i
1 t = (p1 + pa)° o]
P2 D3
2 2 2 N P .
S,mi,my ~ JOt| > |t| = [q¢” Large angular momentum limit
Classical contributions live in the soft graviton region
Usetul to further subdivide into potential and radiation regions
Beneke and Smirnov
potential: ¢ ~ (v,1)]|q]. radiation: ¢ ~ (v, v)|q|
Greatly simplifies the integrals. Eikonal matter propagators VU characteristic velocity

Can also planarize the integrals.

Driesse, Jakobsen, Mogull, Plefka, Sauer, Usovitsch; ZB, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng; 17



Amplitudes Approach: Unitarity + Double Copy

 Long-range force: Two matter lines must be separated by on-shell propagators.
* C(lassical potential: 1 matter line per loop is cut (on-shell) to force E2 = p2 + m?

Neill and Rothstein ; Bjerrum-Bohr, Damgaard, Festuccia, Plante, Vanhove; Cheung, Rothstein, Solon
Only independent unitarity cut for O(G?2).

2
Treat exposed lines on-shell (long range).

1 . Pieces we want are simple!

Independent generalized unitarity cuts for O(G3).

HY

‘
Amplitude tools fit perfectly with ‘ ’ ‘ &
extracting classical pieces we want.

gravity loops 18



Amplitude in Conservative Classical Potential Limit

/B, Cheung, Roiban, Shen, Solon, Zeng (BCRSSZ)

The O(G3) or 3PM conservative terms are:

T G32mA loe g2 [ 48v (3 4 1202 — 40
M3:T - mQ °sd 3 — 6v + 206vo — 5402 + 108v0? + 4vo3 ’
6§ i o? —1
18v (1 — 202) (1 — 502)- 8m3G3 A mS | 5 5 5 o N3,
| 3v(1—2 1 —50°)F; —32m 1 —2 F:
Sy 30 (1= 20%) (L= 50) Fy - 320 (1-20) 'y
m =ma +mpg. ’u:mAmB/m: y:lu/ynj 7:E/m,
2 —
{ =E1Ey B, E=F|+ Es, o = P1 - Pa/Mmims.

Amplitude remarkably compact.

Arcsinh is new feature.

Derived conservative scattering angle has simple mass dependence.

Antonelli, Buonanno, Steinhoff, van de Meent, Vines
Comprehensive understanding: Damour

19



Conservative 3PM Hamiltonian

/B, Cheung, Roiban, Shen, Solon, Zeng (2019)

The 3PM Hamiltonian:

H(p,r) = \/p2 +m¥ + \/p2 +m3 + V(p,T)

3 ()
G
Newton in here V(ip,r) =) a(p?) (-) ,

y k=

~ vPm? 5 - vPm® |3 _ oy 4vo (1—20%) v2(1-¢)(1- 202)2-
T (1=277), e V3 _Z (1=577) = Y€ N 23¢2
o 4 Av (3 + 1202 — 40*) arcsinh, / &2
cg = ”7;72 112 (3 — 61 4 206v0 — 5402 + 108v02 + 4vo?) — ( = _)1 =
vy (1 — 202) (1 - 50‘2) 3vo (7 - 2002) 2 (3 + 8y — 3¢ — 1502 — 8002 + 15502) (1 — 202)
2(1+7)(1+o0) 29§ 4y3¢?
23(3 — 46)o (1 —202)" 141 —2¢) (1 -202)°
™ e ™ D661 ’
m:mA+mB, ,u:mAmB/m, y:lu/m’ ’}/:E/m,

§ =E1Ey/E?, E=FE|+ E,, o = p1 - p2/mims.




How do we know it is right?

Original checks:

« Compared to 4PN Hamiltonians after canonical transformation
o In test mass limit, m << m,, matches Schwarzschild Hamiltonian

Damour, Jaranowski, Schifer; Bernard, Blanchet, Boh¢, Faye, Marsat

Subsequent calculations confirm our 3PM result:
1. Subsequent papers confirm our result in 6PN overlap.

Bliimlein, Maier, Marquard, Schafer;
Bini, Damour, Geralico

2. New calculations reproducing our 3PM result.
Cheung and Solon; Kalin, Liu, Porto;

3. Adding (non-conservative) real radiation clarifies a puzzle at

hlgh CNErgics. D1 Vecchia, Heissenberg, Russo,Veneziano; Damour

3PM results have passed highly nontrivial checks and careful scrutiny.

21



Structure of Higher Orders

Moving up in orders of PM new effects and features encountered:
1PM and 2PM: Fixed by geodesic motion, OSF.

| SZ | | ds2=_(1 2M)dtz+ lwdr2+r2d02+r25in2(6)d¢2
r | — ==

r

3PM: Interesting structure in high energy limit. 1SK, mi/m;

E | 10g( F2/ m, '"2) Poor high energy behavior cancels against real radiation

Di Vecchia, Heissenberg, Russo,Veneziano; Damour

4PM: Tail etfect, nontrivial analytic continuations, elliptic integrals,
non-cancellation of poor high-energy behavior. Nonlocal in time effects.

2 [ o—1
w6
SPM: 28K, Calabi-Yau integrals. K H

Nontrivial to separate conservative and dissipative

6PM: Mixing with tidal operators, UV divergences.
Distinguish BHs from neutron stars. e



Conservative Contribution 4PM O(G%)

\ ‘ \ /B, Parra-Martinez, Roiban, Ruf, Shen, Solon, Zeng
‘ ‘ test particle 1st self force Iteration. No need to compute
A
O(G4) amplitude / ’ A 1 N
¥ , 74 727 i 72 Lower loop, already known,
cons __ ~AnsT7. 2 2 p t 1o (P T rem r,1 r,1°7,2 r,1-r,3 T2 < : -
MG = G*M "V q|r [M4+u (4M4loo( 5 2\+M4 + My )] +/£le223 +/£ 77 +/e 7 +/ 7 radial action
D=4 — 9%¢ tail effect
arccosh(o = (1 _ 2 9 44
= 1y + rplog (ZE1) + 7g 250 () ap = P (1 — 1802 + 330%)
o —1 8(c?2—1)
MG = ram® + s K(S5HE(SH) +re K2 (551) + B (553) . —— elliptic

arccosh(o) oo arccosh? (o)

h
ME™ =15 + rolog (%42) + 110" T2 + 111 log(0) + rizlog? (%52) + r13 T552 % log (T51) + ria ooy

+ 715 Ly (159) + 716 Lin (152) + 117 b [Lia (—/ 552 ) — Lo (\/252)] -
r;; rational coefficients

2 —
v =mims/(mi + mo) 0 = p1 - P2/ Mmima, y
This is complete conservative contribution.

12044 212077 115917979
| { poo

75 L o 3675 Pec 793300

0823001200 4  115240251793703
76839840 Y T T1038874636800 L T

M radgrav,f
4

First 3 terms match 6PN results of Bini, Damour, Geralico.

Result for angle, including radiation effects completed. Manohar, Ridgeway, Shen; Dlapa, Kalin, Liu, Porto

Potential subtlety remains with PN comparision.
Bluemlein, Maier, Marquard, Schafer; Foffa, Sturani. Luz Almeida, Muller, Foffa, Sturani

Analytic continuation to bound case not trivial: tail effect. Recent progress on local part.
Dlapa, Kalin, Liu, Porto; Bini and Damour

23



Comparison with Numerical Relativity

Khalil, Buonanno, Vines, Steinhoff;

Damour and Rettegno

6 r T — —— 6 : T« 'yf r rrrrrrrrgrrrrrrrrrrr [ T [ T T T T [ T T T T [ T T T
b ——1PM S sk ——1PM
DK T 2PM ]
LK 2PM I ]
SECA By ~ 1.02258 g;ﬁ cons St B ~1.02258 | ggﬁ cons|
-\ \ — I e i
45 45 .
4.5 \‘ \\. e APM cODS 2 N e 4PM cons ]
Q4 \ —4PM : %’3 A —4PM ‘
%D =35 0 - = =3PM L-resum| ] S ] I NR
< E‘Z‘ i NN - = =4PM L-resum | Oﬂgé TR
ap = 3 ‘U [ NR : E R st :
NN L r ° ]
3= TR EOB improved 4PM
O + L ]
= S 2 —:
S A
Z St
L

PR S R T I T SR ST AN (N ST AN TN SN N S ST ST S NN ST SR ST T S T ST S U [N S U S SN S S S S S [ S S T S R T T S ]
2 . S 9
1 1.1 1.2 1.3 14 15 1.6 1.7 1.8 1.9 2 ) 11 10 13 14 15 16 17 18 19 )

angular mom. faangular mom.

Plot uses: Also comparisons for bound systems, Buonanno, Mogull, Patil, Pompili

4PM Conservative: ZB, Parra-Martinez, Roiban, Ruf. Shen, Solon, Zeng;

Damgaard, Hansen, Planté, Vanhove; Jakobsen, Gustav Mogull, Pletka, Sauer, Xu;
Bjerrum-Bohr, Plante,Vanhove.

4PM Dissipative: Manohar, Shen and Ridgeway; Dlapa, Kalen, Lui, Neef, Porto;
Damgaard, Hansen, Plante, Vanhove.

NR: Damour,. Guercilena, Hinder, Hopper, Nagar, Rezzolla;

* Surprisingly good agreement with numerical relativity!
* Proves we are on a good track!

* Motivates us to go on 5 PM order. 24



Conservative Contribution 4PM O(G%)

\ ‘ \ /B, Parra-Martinez, Roiban, Ruf, Shen, Solon, Zeng
‘ ‘ test particle 1st self force Iteration. No need to compute
A
O(G4) amplitude / ’ A 1 N
% 74 o 7 - =0 Lower loop, already known,
Mcons L G4A[7I/2| |7_2 [MP py (4Mt loo (p;.o) n MT('Q 4 Mrem)] +/ ['r,l n / Ifr,llr,Q n / Ir,IIT,B 4 / Ir2 < radlal aCtlon
4 = q|7 4 4 108 gv 4 4 \ 71727 , 7175 . 7 7
D =4-—12¢ tail effect For dissapative see: Manohar, Ridgeway, Shen;
X ‘ =4 2 4 =13 :
M = 1y + 1y 1o (UTH) . a.1cco25h(0) | M — _30 (1 — 180° + 330 ) Dliapa, thn, L1u, Porto
o2 —1 8(02 —1) Spin-orbit:
ME = rym? + rs K(277)B(%51) + e K (257) + 7 E*(257), — elliptic Jakobsen, Mogull, Pletka, Sauer, Xu

arccosh(o) 160 arccosh? (o)

h
MG = rg + 19 log (U—) + 710 ar\c/?s—g_—(a) + 711 log(o) + 712 108; (J—H) T 713 Jori—1 ( ;1) T 714 — 5o

+ 715 Ly (159) + 716 Lin (152) + 117 b [Lia (—/ 552 ) — Lo (\/252)] -

2

r;; rational coefficients
v =mima/(m1 + ma) 0 = P1 ‘p2/m1m2: y

This is complete conservative contribution.

12044 212077 4 115917979
| | poo

75 Poc 3675 Poc 793300

0823001200 4  115240251793703
76839840 Y T T1038874636800 L T

M radgrav,f
4

First 3 terms match 6PN results of Bini, Damour, Geralico.

* Result for angle, including radiation effects completed.  Diapa, Kilin, Liu, Porto

* Potential subtlety remains with PN comparision.
Bluemlein, Maier, Marquard, Schafer; Foffa, Sturani. Luz Almeida, Muller, Foffa, Sturani

* Analytic continuation to bound case not trivial: tail effect. Recent progress on local part.
Dlapa, Kalin, Liu, Porto; Bini and Damour



Towards 5PM, O(G>)

Scattering Amplitudes/Worldline :E[
Double copy

Generalized unitarity I Stralghtf() l‘WﬂI‘d
v

Expansion in classical limit

Loop Integrand

Currently working on integration

Reduction to master integrals | | |

DE’s for master integrals Hard /B, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng;

Solutions of DEs. V Driesse, Jakobsen, Mogull, Pletka, Sauer, Usovitsch
|[Humboldt]

Integrated Amplitude

Eikonal, EFT matching computations .
Amplitude action relation, Stralghtfo rward

Pick your favorite formalism.

2-Body Hamiltonian or Observables

SPM problem nontrivial, so attack in stages. .



Deal With Integration in Stages

T 2~ P4 R
QED OSF 1SF 2SF 2SF

Stages:
1. QED warmup. Potential mode contributions. Done.
/B, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng
2. 1 SF Conservative. Done.
Driesse, Jakobsen, Mogull, Pletka, Sauer, Usovitsch
3. N=8 (lower tensor rank) 1SF potential done, working on 2SF.
/B, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng
4. 2 SF Conservative. Harder, but in reach
5. Radiative effects. Similar

OSF 1SF 2 21 r2SF mim

Learn from each stage to push forward the next one. -



Bottleneck: Integral Reduction

Primary bottleneck is integration by parts:

22 indices: 13 propagator and 9 irreducible scalar products (ISPs)

d*P [u2 . kl]a-14[u2 . k4]a—15:u1 . kz]a-us[ul . k3]a-17[k1 . q]a—IS[k2 . q]a—w:kl . k2]a-20[k1 . k4]a-21[k2 . k3]a-22
) [=2uy - Kyl [—2uy - ki3 2uy - kp341[2u; - kypzal®lkf19s[ks196[k$197 ki3 19 k]9l kgy ] 40 k 3,14 (K13 — @)?142[(Kyp34 — @)*]43

 Can encounter up to 8 numerator powers and 4 doubled propagators.

* FIRE and KIRA need to be carefully tuned. a2, 8 NM(ly, p:)
* Private code specialized for finite field numerical techniques. / H (2m)P 8¢ D§* ... Dar

/B, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng; Driesse, Jakobsen, Mogull, Pletka, Sauer, Usovitsch



High-Loop Integration

In QCD/Amplitudes advanced technology for loop integrals which we import.

Chetyrkin, Tkachov; Laporta;  Henn; Henn and Smirnov
Beneke and Smirnov;  Parra-Martinez, Ruf, Zeng

1. IBP greatly simplified in classical limit.
2. Choose master integrals to simplify the DEs and IBP. 4. Smimovand V. Smirov; Usovitsch

3. Use finite prime fields and reconstruction for toughest IBPs. Manteuffel, Schabinger; Peraro
4

. Set up a DEs for master integrals.

Kotikov, ZB, Dixon and Kosower; Gehrmann, Remiddi

IBP: dP¢; 0 NH(ly,pum) Solve linear relations
: 0= / Lompoar z,...2, for master integrals
DEs: 0, f — A(x, 6) f 1 Solve DEs either as series or basis of functions.

Many tools available: We use upgraded FIRE, a private finite field IBP program, LiteRed, FiniteFlow.

Smirnov, Chuharev; Lee; Peraro
Another important tool is an upgraded version of KIRA

Maierhoeter, Usovitsch, Uwer;
Klappert, Lange, Maierhofer, Usovitsch

29



Iterated integrals

Elliptic and Calabi-Yau integrals appear in master integrals.

Frellesvig, Morales, Wilhelm; Klemm, Nega, Sauer, Plefka
/B, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng.

f; E; At 1 SF, Elliptic integrals.

E At 2 SK, Calabi-Yau 3-fold integrals.

At 1SF no elliptic integrals in final result!

 Will this simplicity continue to 2 SK sector?

Opportunity for those interested in the mathematics of Feynman integrals



SPM Scattering Angle N = 8 Supergravity (1 SF Potentlal)

/B, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng

IlSFﬁn =71 +19Fg+7m3F5+14F1 + 15 Fy.
Fo = f — In(x),
or [ 1 Remarkably simple, elliptic integrals cancel.
F{ = 3 — Ligo(1 — z) — Lig(—xz) — In(z) In(z + 1) — 5@] :
o0 [ | 1, 1
Fo = 5 |— Li2(1 — ) + Lig(—z) — 5 In"(z) + In(z) In(z + 1) + (2
1—z= | 2 2
105 [ o(502—0) ) 22 8] See also GR 1SF conservative results.
T + .
ot 5(02 ) o=l Driesse, Jakobsen, Mogull, Plefka, Sauer, Usovitsch
40c 9 (202 — 1) C(é 8ocy
2o 32%[ o2 — 1) C(02-1)?%  2(e2-1) TR
60%c; 60 (2—30%)c; (8—3207%)c]
3—160¢[ o 1) “ o 1) 5 + P ° 4+ —— ¢ S tt . l 8_[74
e catiecring angic. —
_923¢_43_0(02_1)]’ g g X 8J

3 2
T4 = 326¢ - UC¢ - —26¢ — 4UC¢ - §
(62-1)2 o2—-1 3(c2—-1) 3|’

020‘3, 4003 2 (7(72 — 6) cy 4o

= 64 :

It’s Just a matter of time before SPM is complete.
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Other Directions for Amplitudes Methods

Applying amplitudes methods to gravitational-wave physics is now well developed.

* Pushing state of the art for high orders in G. Now pushing to G°

/B, Cheung, Roiban, Parra-Martinez, Ruf, Shen, Solon, Zeng; D1 Vecchia, Heissenberg, Russo, Veneziano; Damgaard, Hansen,
Plante, Vanhove; Dlapa, Kalin, Liu, Porto Ridgway, Shen; ZB, Herrmann, Roiban, Ruf, Smirnov, Smirnov, Zeng; Driesse,
Jakobsen, Mogull, Pletka, Sauer, Usovitsch; Edison and Levi; etc

Cristofoli, Gonzo, Kosower, O’Connell; Herrmann, Parra-Martinez, Ruf, Zeng; D1
Vecchia, Heissenberg, Russo, Veneziano; Herderschee, Roiban, Teng; Georgoudis,
Heissenberg , Vazquez-Holm; Brandhuber, Brown, Chen, De Angelis, Gowdy ,
Travaglini; etc

e Waveforms

e FKinite-size effects Cheung and Solon; Haddad and Helset; Kailin, Liu, Porto; Cheung,
Shah, Solon; ZB, Parra-Martinez, Roiban, Sawyer, Shen, etc

. o Vaidya; Geuvara, O’Connell, Vines; Chung, Huang, Kim, Lee; ZB, Luna, Roiban, Shen, Zeng; Kosmopoulos,
Spln Luna; Febres Cordero, Kraus, Lin, Ruf, Zeng; Aoude, Haddad, Helset; ZB, Kosmopoulos, Luna, Roiban, Teng;
Kim, Steinhoff; Aoude and Ochirov; Ben-Shahar; Vine, Sheopner; Gatica; Jakobsen, Mogull, Pletka, Sauer
Cangemi, Chiodaroli,Johansson,Ochirov, Pichini, Skvortsov; Luna,Moynihan, O’Connell, Ross; Bautista,
Guevara,Kavanagh, Vines; Bautista, Bonelli, Iosa, Tanzini, Zhou; Buonanno, Mogull, Patil, Pompili; etc

o Absorption Goldberger and Rothstein; Aoude, Ochirov; Jones, Ruf;

Chen, Hsieh, Huang, Kim; etc :
Many great young people!
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Conclusions
Scattering amplitudes offer new perspective on gravitational-wave theory.
1. Novel way to look at perturbative gravity.
— On-shell approach. On-shell recursion and unitary method.
— Everything tlows from graviton being a massless spin-2 particle.

— Double copy shows gravity follows from gauge theory.

2. Sample Application: High orders, marching on SPM.

Judging from the pace of progress expect many new results in coming years.
SMEFT, sYM, supergravities, and of course gravitational waves.
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Methods for Extracting Classical Physics.

There are now multiple alternative ways to extract classical physics.

e EFT matching to 2 body Hamiltonian §"c"g Solon. Rothstein:

/B, Cheung, Roiban, Shen, Zeng
Map to EOB Bini, Damour, Geralico

Calculate physical observables Kosower, Maybee, O’Connell

Amati, Ciataloni, Veneziano:;
D1 Vecchia, Heissenberg, Russo, Veneziano

Eikonal phase

Amplitude radial-action relation ZB. Parra-Martinez, Roiban, Ruf.
Shen, Solon, Zeng

Exponential representation Damgaard, Plante, Vanhove;
Bjerrum-Bohr, Plante, Vanhove
Heavy mass field the()ry Brandhuber, Chen, Travaglini, Wen
Damgaard, Haddad, Helset
World hne formalisms Goldberger, Rothstein; Levi, Steinhoff;

Dlapa, Kalin, Liu, Porto;
Jakobson, Mogul, Plefka, Steinhoff;
Edison, Levi; etc

For pushing into new territory we still prefer EFT matching.
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Effective Field Theory is a Clean Approach

Build EFT from which we can read off potential. Goldberger and Rothstein
Want a Newtonian-like potential, Ié;ﬂl» ROtII;Stflllnt o Solon (2018

. . eung, Rothstein, Solon
with GR corrections :

Lyin = / AT(_k;) (Zdt + \/kQ 1 771?4) A(kﬁ) A, B scalars .
K represents spinless

g black holes
—I—/k BT (—k) (zc)t + 1/ k2 + m%) B(k)

Iy 1y

Lin = / V(k, k') A (k') A(k) Bt (—k') B(—k) %
k.k’ -

\ potential we want to obtain Mo Mo

9 9 5 5 2 body Hamiltonian
Hip,r) = \/p Ty \/p +m3+V(P,7)  in c.o.m. frame.

Match amplitudes of this theory to the full theory in classical limit to
extract a classical potential of the type Newton would like.

Our gravitational-wave theory friends want Hamiltonians. 36



